Abstract. In this paper we continue to study Riemannian manifolds (M n , g) equipped with a smooth measure m. In particular, we show that the construction of conformally covariant operators due to Graham-Jenne-Mason-Sparling can be adapted to this setting. As a by-product, we define a family of scalar curvatures, one of which corresponds to Perelman's scalar curvature function. We also study the variational problem naturally associated to these curvature/operator pairs.
Introduction
This paper is a continuation of [CGY07] , but draws its inspiration in part from an observation about the scalar curvature function introduced by Perelman [Per02] . Let (M n , g) be a Riemannian manifold endowed with a smooth measure m, which we write as Although typically attributed to Bakry-Emery [BE85] , this tensor was studied much earlier by Lichnerowicz [Lic70] . Perelman [Per02] When the measure m is the canonical Riemannian measure, then f ≡ 0 and the generalized curvatures agree with their classical counterparts.
From the perspective of conformal geometry, the scalar curvature is naturally considered in conjunction with the conformal laplacian, the linear second-order operator which describes how the scalar curvature transforms under a conformal change of metric. In our conventions, ifĝ = v into a broader context. That is, by adapting the construction of Graham-JenneMason-Sparling [GJMS92] to Riemannian measure spaces we prove the existence of a 1-parameter family of conformally covariant operators, of which L m 2,∞ is a particular example (i.e., α = 2). As a by-product of this construction we define a new family of scalar curvature functions R (m,α) which generalize Perelman's scalar curvature. Thus, for each value of the parameter α, we have a pair (R (m,α) , L m α ) consisting of a scalar curvature function and covariant operator. The relationship between curvature and operator are completely analogous to the case of the scalar curvature/conformal laplacian detailed above. We remark that the conformally invariant curvatures of the prequel [CGY07] figure in this construction in an important way.
The second goal of this paper is to study the variational problem naturally associated to this new family (R (m,α) , L m α ). As we shall see in Section 3, the Euler-Lagrange equation can be subcritical, critical (as it is for the usual scalar curvature), or even supercritical, depending on the value of α. In Section 4 we prove existence of extremals for the Lagrangian in the subcritical case. For the remaining cases existence seems to be a difficult issue.
In Section 5 we study another special case (α = 1), and formulate a weighted L 2 -eigenvalue problem. We then give a characterization of the Yamabe invariant as the solution of a mini-max problem for this eigenvalue. This result is directly inspired by Perelman's work; indeed, the Lagrangian associated to the operator L to a constant) Perelman's entropy functional. Why it is that a Lagrangian which comes from a construction in conformal geometry should coincide with Perelman's functional-which characterizes gradient Ricci solitons-is somewhat mysterious. In some sense, Section 5 brings us full circle: what started with an observation about Perelman's scalar curvature brings us via the construction of Graham-Jenne-MasonSparling back to Perelman's work.
Some material in this paper was announced in [CGY06] .
Conformally covariant operators on RM -spaces
In this Section we adapt the construction of Fefferman-Graham [FG85] and GrahamJenne-Mason-Sparling [GJMS92] to construct families of conformally covariant differential operators associated to an RM -space. As we shall see here and in Section 3, the conformally invariant scalar and Ricci curvatures of [CGY07] arise naturally in these constructions.
Let (M n , g) be a Riemannian manifold of dimension n ≥ 2. A metrically defined differential operator A = A g is said to be conformally covariant of bi-degree (a, b) if it obeys the following transformation under a conformal change of metricĝ = e 2w g: R(g) is conformally covariant with a = (n − 2)/2 and b = (n + 2)/2.
In [GJMS92] , Graham-Jenne-Mason-Sparling constructed conformally covariant operators P k for all positive integers k when n is odd, and for 1 ≤ k ≤ n/2 when n is even, with a = (n − 2k)/2 and b = (n + 2k)/2. The principal part of P k is given by (−∆) k ; when k = 1 then P 1 is just the conformal laplacian. These operators were derived from the ambient metric construction of Fefferman-Graham which is briefly described below. Aside from their intrinsic interest, they have also played a role in the recent work of Fefferman-Graham [FG02] 
be an RM -space with n ≥ 3. Let k be a positive integer; if n is even we assume in addition that 1 ≤ k ≤ n/2. For α ∈ R, denote β k (α) = (nα − n + 2k)/2. Then, given any α ∈ R there is an operator P m α,k satisfying (2.2) with a = −β k (α) and b = 2k − β k (α), the leading term of which is given by
When α = 0 the operator P m α,k coincides with P k . For k = 1 we have the formula
As in [GJMS92] , our operators are constructed by an inductive algorithm; when k becomes large the formulas become increasingly complicated. In fact, GrahamJenne-Mason-Sparling presented two (equivalent) ways of deriving their operators. We will briefly describe one of their methods, indicating the modifications necessary to produce the measure-dependent operators P , where ρ is a defining function for G, homogeneous of degree 0 (see [FG85] for details). Using these coordinates we can define the ambient metricg onG bỹ
where g ij (x, 0) = g ij (x) is the given representative of [g]. For ρ = 0 the Taylor expansion of g ij (x, ρ) is determined by formally solving the Einstein equation
We remark that in the construction of [FG85] , when n is even, (2.6) determines the Taylor coefficient of g ij up to the (ρ) n 2 term; the trace part of g ij (∂ ρ ) n 2 g ij is determined at ρ = 0 but the trace-free part of (∂ ρ ) n 2 g ij is not. When n is odd, (2.6) determines the expansion of all orders. This partially explains the constraint on the order k for the existence part of the GJMS operator when the dimension n is even. Let δ s : G → G denote the dilations δ s (g) = s 2 g, with s > 0. Functions on G which are homogeneous of degree β with respect to δ s are known as conformal densities of weight β. Given a density φ of weight β, consider the problem of extending φ to a harmonic function onG with the same homogeneity. That is, we want to find the formal power series solution of∆
The operators of [GJMS92] arise as the obstruction to formally solving (2.7) with β + 1 2
we can also construct the ambient metricg, but we need to extend the density function f associated to m as well. 
Let k be a positive integer; if n is even we assume in addition that
This Lemma is a special case of Proposition 2.2 in [GJMS92] ; see also Lemma 2.1 in [?] . In order to make the paper self contained-and to derive specific formulas for P m α,k in (2.4) for the case k = 1-we will outline the proof here. Proof. We will establish (2.8) by induction on k. Given a function ψ defined on the ambient space ψ = ψ(t, x, ρ),
To see thatf can be chosen to satisfy the equation (2.8) for k = 1 and all n > 2, we use the identities
where R ij and R are respectively the Ricci and scalar curvature of the metric g. Substituting these into the formula (2.10), we see that (2.8) for k = 1 is equivalent to finding f (x, ρ), with
R, (2.12) which can easily be done.
To see that (2.8) can be solved for all k with 1 ≤ k < n 2 if n is even and for all k when n is odd, we apply the same strategy that appears in the construction of the operators in [GJMS92] . That is, we inductively differentiate∆f exactly (k − 1)-times w.r.t. ρ, then evaluate at ρ = 0. For example, when k = 2, using the identities in (2.11) and doing some routine calculations we obtain
From (2.13), it is clear that to solve (2.8) for k = 2 and n = 4 one only needs to choose f (x, ρ) with f (x, 0) satisfying
∇R∇f (x) (2.14)
Rf (x, 0), with f (x, 0) satisfying equation (2.12). We refer to [GJMS92] for the proof of the general k. where φ = φ(x, ρ) is any extension of a given function φ defined on M and wheref is an extension of f chosen according to Lemma 2.1. The operators P m α,k arise as the obstruction to formally solving (2.15) up to order ρ k independent of the extension φ = φ(x, ρ) of φ. We then find that a suitable choice of β is β = β k (α) = (nα − n + 2k)/2 for each k ≥ 1 when n is odd, and for 1 ≤ k < n 2 when n is even. As the proof is by induction on k and very similar to the proof in [GJMS92] we will only give an outline.
Given a smooth functionφ = φ(t, x, ρ) defined on the ambient spaceG, we define the operatorL 
Consequently, if we choose β = β 1 (α) so that nα − (n − 2) − 2β = 0, and choosef to satisfy (2.12) in Lemma 2.1, the operator P 
2. When n is even, the operators of [GJMS92] 
]φ satisfies the conformal covariance property (2.2), with a = −β 1 (α) and b = 2 − β 1 (α). It has the additional advantage that it exists for all n ≥ 2, including n = 2. When k ≥ 2, it is not yet clear how to modify the operator P m α,k . On the other hand, the existence of m-conformally covariant operators for all k when n is even and for 1 ≤ k ≤ n 2 (when n is odd) follows from an observation of R. Graham. The details are given in the next Remark.
3. R. Graham pointed out to us another possible construction of conformally covariant operators on RM -spaces, by using the operators P k of [GJMS92] . Letting 
Properties of the operators
In this section we will discuss some properties of the operators constructed in Section 2. To simplify the presentation, we will restrict ourselves to a discussion of the case k = 1. (ii) Supposeĝ = e 2w g is a conformal metric, then
, where
Proof. The properties (i) − (iii) follow from the properties of the operators P m α,k=1 described in Section 2.
Remarks. 
The properties of L
We will refer to R the α-scalar curvature ofĝ is given by 3. It is interesting to note that the semilinear equation (3.10) associated to the α-scalar curvature can be sub-critical, critical, or super-critical with respect to the Sobolev imbedding, depending on α. To see this, we note the following apparent properties of the exponent γ α :
(e.) lim
(3.11)
The figure below shows γ α as a function of α. 
and this permits us to define a scalar curvature K m (g) corresponding to the case α = (n − 2)/n. Indeed, denoteᾱ = (n − 2)/n, and define
We also define
T m g , (3.13) in analogy with the laplacian on surfaces. Also, the behavior of K m under a conformal change is given by
where c n = (n − 2) (n − 1) .
Note the obvious parallel with the prescribed Gauss curvature equation.
As we observed in Remark 3. above, equation (3.10) can be sub-critical, critical, or supercritical depending on the value of α. In the next Section we will study the existence of conformal metrics with constant α-scalar curvature for the sub-critical case; i.e., −∞ < α < 0 and α > 1.
−∞ < α < 0 and α > 1: the sub-critical cases
To introduce the variational problems associated to the operators defined in Section 3 we define the functionals
dV ol(g).
We also define the constraint set
which is positive when −∞ < α < 0 or α > 1.
Consider the variational problem
By the identity (3.10) this is equivalent to the following geometric variational problem: define
Again, when α = 0 we recover the familiar relation between the total scalar curvature and the Yamabe quotient. Moreover, when α < 0 or α > 1, the exponent in the definition of the constraint set C α is subcritical for the Sobolev embedding. Proof. To verify (4.10), let v ∈ C α ; then
Therefore, by the Sobolev imbedding theorem, 
Substituting this into (4.13) and using the constraint one verifies that (4.16) also holds for α > 1.
For existence, we now suppose α < 0 or α > 1, and let {v k } be a minimizing
By (4.16) we see that
and from (4.12) we conclude that {v k } is bounded in W 1,2
. Since 1 + γ α < 2n n − 2 when α < 0 or α > 1, the embedding 
Recall the definition of the conformally invariant scalar curvature in [CGY07] :
When n = ∞, this corresponds formally to the scalar curvature introduced by Perelman [Per02] :
Comparing these formulas we see that
In particular, if we define the operator 
Up to a constant, this is precisely the entropy functional defined by Perelman in §1 of [Per02] . The difficulty in studying the corresponding variational problem (4.4) is that the constraint set C α is not well defined when α = 1, since then γ 1 = −1 (or, to be more precise, it does not impose any constraint). In this Section we study a related eigenvalue problem inspired by Perelman's work and point out an interesting connection to the Yamabe invariant. To begin, let us introduce the modified constraint set
In a slight abuse of notation we will writeĝ = v (5.7)
It will be convenient if we normalize the measure m to have total mass one; let P denote the set of all such smooth probability measures on M 
